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We show that every compact space of large enough size has a realcompact subspace of
size κ , for κ  c. We also show that an uncountable realcompact space whose pseudochar-
acter is at most ω1, has a realcompact subspaces of size ω1, thus, by continuum hypothesis,
every uncountable realcompact space has realcompact subspace of size ω1.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction, deﬁnitions, notation
Deﬁnition 0.1. A space X is called realcompact if it can be embedded as a closed subspace of a product of reals. A Tychonoff
space X is realcompact if and only if every z-ultraﬁlter with countable intersection property converges in X . The Hewitt
realcompactiﬁcation υ X of a Tychonoff space X consists of all z-ultraﬁlters with countable intersection property of its Stone–
Cˇech compactiﬁcation.
We start with a key result from Gillman and Jerison [1].
Lemma 0.2. Let X and Y be spaces, and f : X → Y a continuous bijection, and every subspace of Y is realcompact. Then every
subspace of X is also realcompact.
In [4] M.A. Swardson proved that compact spaces of size > ω1 have a realcompact subspace of size ω1 answering a
question of Arhangel’skii. She started with this consequence of Lemma 0.2.
Theorem 0.3. If X is a space with a subspace Y ⊆ X and f ∈ C(Y ) such that | f [Y ]|  κ , where κ  c, then X has a realcompact
subspace of size κ .
Only spaces that do not satisfy the hypothesis of Theorem 0.3 for some κ  c are of interest.
In her proof for compact spaces Swardson used the fact that a compact space, which does not satisfy the hypothesis of
Theorem 0.3 for κ = ω1, is a right-separated space.
Recall that a space X is right-separated (resp. left-separated) if it can be enumerated as {xξ : ξ ∈ η} where η an ordinal
and the initial segment {xξ : ξ ∈ α} is open (resp. closed) for any α ∈ η. We consider X ordered by this enumeration.
The following result is well known. A proof of it can be found in [3].
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Swardson proved that every realcompact right-separated space has a realcompact subspace of size ω1.
In 2003, W. Fleissner asked at a topology seminar at University of Kansas, whether it is true that compact spaces of size
> c have realcompact subspaces of size c. In the next section of this paper, we prove that every realcompact right-separated
space of size  κ , has a realcompact subspace of size κ , where κ  c. That is, we prove that every realcompact space of
size > κ for κ  c has a realcompact subspace of size κ , answering the question of Fleissner.
In the last section of this paper, we discuss a suﬃcient condition for a realcompact space to have a realcompact subspace
of size ω1 giving partial answer to Swardson in [4]. That is, we show for an uncountable realcompact space X with x ∈ X
such that ψ(x, X) = ω1, X contains a realcompact subspace of size ω1.
Deﬁnition 0.5. The pseudocharacter of a point x in a T1 space X is the cardinal inf{|U |: U ⊆ τ (X), ⋂U = {x}} and is
denoted by ψ(x, X). The pseudocharacter of a space X is the supremum of all inﬁnite cardinals ψ(x, X) for x ∈ X and is
denoted by ψ(X).
When discussing realcompact subspaces of size ω1, we focus on those spaces that do not satisfy the hypothesis of
Theorem 0.3 for κ = ω1 and we call such spaces countable real-valued.
Deﬁnition 0.6. A Tychonoff space X has the countable real-valued property or CRV if for all Y ⊆ X and all f ∈ C(Y ), f has a
countable image.
Note that a Tychonoff space with CRV is zero-dimensional.
1. Realcompact subspaces of size less or equal to continuum
In this section, we start with a result that is the key in proving Theorem 1.2.
Lemma 1.1. Let X be right-separated of order type κ+ . If X has no dense subspace of size < κ , then X has a discrete set of size κ .
Proof. Let X = {xξ : ξ < κ+} be a right-separation of order type κ+ . Deﬁne φ : κ → κ+ as follows: φ(0) = 0. At stage α < κ ,
pick xζ ∈ X \ cl{xφ(ξ): ξ < α} such that ζ > sup{φ(ξ): ξ < α}. Let φ(α) = ζ . Now {xφ(ξ): ξ < κ} is the desired set. 
Theorem 1.2. Let κ be a cardinal and X be a right-separated, realcompact space such that |X | κ . Then X has a realcompact subspace
of size κ .
Proof. If |X | = κ , then we are done so let’s assume |X |  κ+ . Enumerate X := {xξ : ξ  η}, for some ordinal η (η  κ+),
where the indices correspond to the right-separation of X . Let Y := {xξ : ξ < κ+} ⊂ X . Regarding Y we have three cases:
Case 1. There exists ξ < κ+ and an open set U such that xξ ∈ U ⊆ cl U ⊆ [x0, xξ+1) and | cl U | κ . In this case we are done
as cl U is realcompact and has size κ .
Case 2. There is a subspace S ⊆ Y such that |S| > κ and S has no dense subset of size < κ . By Lemma 1.1, S has a discrete
subset of size κ .
Case 3. Neither Case 1 nor Case 2. Let’s build Bξ by the way of induction. B1 is a set of size < κ that is dense in Y . Bδ is a
set of size < κ that is dense in Y \⋃{Bξ : ξ < δ}. Then B :=⋃{Bξ : ξ < κ} is of size κ . Let α = sup{ξ : xξ ∈ B}, α < κ+ . Then
there is an open set U such that xα ∈ U ⊆ cl U ⊆ [x0, xα]. However, as U has to intersect all Bξ ’s, |U | κ . A contradiction
to not Case 1. 
Theorem 1.3. Let ω < κ  2ω . If X is a compact space of size  κ , then X has a realcompact subspace of size κ .
Proof. If there exists A ⊆ X and f ∈ C(A) such that | f [A]|  κ then we are done by Theorem 0.3. Suppose for all A ⊆ X
and for all f ∈ C(A), | f [A]| < κ (X has < κ real-valued property). By the way of contradiction let B ⊆ X such that B
has no isolated point. Then clX B is countably compact and since B has no isolated point, clX B has no isolated point. But
a countably compact, Tychonoff space X with no isolated points has a closed subspace A that can be mapped onto the
Cantor set. That is, there exists f ∈ C(clX B) such that | f [clX B]| = 2ω , a contradiction. Now, X is right-separated, compact,
Hausdorff, and |X | κ . By Theorem 1.2, X has a realcompact subspace of size κ . 
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In this section, ﬁrst in Theorem 2.1 we prove that a z-ultraﬁlter on a subspace of a space with CRV can be extended to
a z-ultraﬁlter on the whole space. We use this result to prove Theorem 2.2.
Theorem 2.1. Let X be an uncountable space with countable real-valued property and A ⊆ X. If FA is a z-ultraﬁlter on A with the
countable intersection property (denoted as cip), then FX = {Z ∈ Z(X): Z ∩ A ∈ FA} is a z-ultraﬁlter on X with cip.
Proof. Let V be a clopen set in X that meets FX , we show that V ∈ FX : If V ∩ A =∅, then X\V ⊇ A. Then (X\V ) ∩ A =
A ∈ FA and hence X\V ∈ FX , a contradiction to V meeting FX . This implies that V ∩ A = ∅.
Now if V ∩ A = ∅ and (X \ V )∩ A ∈ FA , then X \ V ∈ FX , a contradiction to V meeting FX . So V ∩ A ∈ FA which implies
V ∈ FX .
Now let Z ∈ Z(X). Then Z =⋂i∈ω Vi where Vi is clopen in X (follows from the CRV property). If Z ∈ Z(X) meets FX ,
then each Vi meets FX and therefore Vi ∈ FX and Vi ∩ A ∈ FA . By cip for FA , ⋂i∈ω Vi ∩ A ∈ FA which means Z ∈ FX . 
For the rest of this section for A ⊆ X and FA a z-ultraﬁlter with cip on A we use FX as deﬁned above.
Theorem 2.2. Let X be an uncountable realcompact space with CRV and containing a point x ∈ X such that ψ(x, X) = ω1 . Then X
contains a realcompact subspace of size ω1 .
Proof. As X is zero-dimensional, we can assume there is a collection {Uξ : ξ ∈ ω1} of clopen neighborhoods of x such that⋂
ξ∈ω1Uξ = {x} and for all α ∈ ω1,
⋂
ξ<α
Uξ \ Uα =
⋂
ξ<α
Uξ \
( ⋂
ξα
Uξ
)
= ∅.
Now pick xξ ∈⋂ξ<α Uξ \ Uα . Note that xα = xβ if and only if α = β .
We claim that A = {xξ : ξ ∈ ω1} ∪ {x} is realcompact.
Let FA be a z-ultraﬁlter on A with cip. There are two cases:
Case 1). There exists α ∈ ω1 such that Uα ∩ A /∈ FA . Thus, (X \Uα)∩ A ∈ FA . Let α be least such ordinal. Then, Uξ ∩ A ∈
FA for all ξ < α. It follows that
⋂
ξ<α Uξ ∩ (X \ Uα) ∩ A = {xα} and FA has cip. So {xα} ∈ FA and
⋂FA = {xα}.
Case 2). For all ξ ∈ ω1, Uξ ∩ A ∈ FA . Then, for all ξ ∈ ω1, Uξ ∈ FX . Since FX is a z-ultraﬁlter with cip on X , ⋂FX = ∅.
But
⋂FX ⊆⋂ξ∈ω1Uξ therefore ⋂FX = {x} which implies ⋂FA ⊆ {x}.
But if Z ∈ Z(A) and x /∈ Z , then since x ∈ A and Z is closed in A, x /∈ clX Z . So, there is a clopen set U in X such that
x ∈ U and U ∩ clX Z =∅. As ⋂FX = {x} and FX is a z-ultraﬁlter, U ∈ FX which implies U ∩ A ∈ FA and Z /∈ FA . 
In [1], Lindelöf spaces whose points are Gδ sets are shown to be hereditary realcompact. Here is a slight improvement
of their result.
Theorem 2.3. Let X be a realcompact space such that ψ(X) = ω. Then X is hereditary realcompact.
Proof. Let A be a subspace of X and F be a z-ultraﬁlter with cip on A. Since X is realcompact, clX A is a realcompactiﬁ-
cation of A. Therefore, there exists a continuous onto function βid : υ A → clX A such that βid|A = id. βid(F) = x for some
x ∈ clX A. Now since ψ(x, X) = ω, {x} =⋂i∈ω Ui where Ui ’s are open. Let Vn =⋂i∈n Ui and f i : X → [0,1/2i+1] be a contin-
uous function such that f i(x) = 0 and f i[X \ Vi] = {1/2i+1}, then f : X → [0,1] deﬁned by f (y) = Σi∈ω f i(y) is a continuous
function and Z( f ) = {x}. Let Zi := f ←[[0,1/i]] for i ∈ ω, Zi ’s are zero-sets and {x} =⋂i∈ω Zi . Let Z ′i := f ←[[1/i + 1,1]] for
all i ∈ ω. The Z ′i ’s are also zero-sets and Zi ∪ Z ′i = X so for all i ∈ ω either Zi ∩ A ∈ F or Z ′i ∩ A ∈ F .
Let us assume there exists an n ∈ ω such that Zn ∩ A /∈ F . Then βid(F) = x /∈ Z ′n ∩ A, a contradiction.
So for all i ∈ ω Zi ∩ A ∈ F and by countable intersection property of F , {x} ⊇⋂i∈ω(Zi ∩ A) = ∅. Therefore x ∈ A. Which
means F is ﬁxed in A. 
Now by Theorems 2.2 and 2.3 and the fact that any space without CRV property has a realcompact subspace of size ω1
(Theorem 0.3) we have the following:
Corollary 2.4. If X is an uncountable realcompact space and ψ(X)ω1 , then X has a realcompact subspace of size ω1 .
Before proving Theorem 2.6, recall the following result.
Lemma 2.5. (Juház [2, 2.12]) If a Tychonoff space X is both right and left separated, then there is an S ⊆ X with |S| = |X | which is
discrete.
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Theorem 2.6. If a Tychonoff space X is not hereditary separable then X contains a realcompact subspace of size ω1 .
Proof. Let A ⊆ X be a non-separable subspace. Then we can recursively form a left-separated subset B ⊆ A of size ω1 by
inductively picking a point xα ∈ A \ clA{xξ : ξ ∈ α} for each α ∈ ω1. If B := {xξ : ξ ∈ ω1} is Lindelöf then we are done.
If B is not Lindelöf then it contains a right-separated subset C ⊆ B of size ω1. Now C is left-separated as it is a subset
of B and C is right-separated.
By Lemma 2.5, it is discrete and hence realcompact. 
Corollary 2.7. If a space has no realcompact subspace of cardinality ω1 , then every uncountable subset is an S-space.
Mary Anne Swardson proved if there is no S-spaces then every space has a realcompact subspace of size ω1. Her result
and the following result are the two consistency results that give a positive answer to Arhangel’skii’s question.
Now by Corollary 2.4 we show the following:
Corollary 2.8 (CH). Every uncountable realcompact space has a realcompact subspace of size ω1 .
Proof. By Theorem 2.6 we can assume that the uncountable realcompact space X is separable. By the cardinality formula
χ(X) 2d(X) , the fact that ψ(X) χ(X), and CH, we have that ψ(X)ω1. By Corollary 2.4, we are done. 
This work is part of my Ph.D. dissertation, University of Kansas, 2009.
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